Section 11.2: Series

Objective: In this lesson, you learn how to

[ define a series and determine its convergence or divergence using partial sums and analyze
geometric series, as well as harmonic series.

I. Series

Definition: Infinite series or series

An infinite series or series is the sum of an infinite sequence a1 +as +ag+- - - and is denoted

by -
Zn:l ap or Zan.

Definition: Partial sums

If 302, ap is a series, then

n
Snzzai:al+a2+"'+an
i=1

is called its nt" Partial sum.

Remark: s, is the partial sum of terms in the sequence {a,} from 1 to n, therefore,
S1 = ai,
S9g = aj +ag = S1 + ag,
§3 =ay1+az + a3z = s3 +as,

sS4 =a1+az+ a3+ aqg = 83+ aq. ete....

Example 1: Find the first five partial sum terms of } ;" (/

S, =
SZ =\+2 -3

Sz =142 43 S48 7306

Sq:s+z+é+%1é§fq:]o

_ =15
Sy 1r2rs THHE =10 +6
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Convergent and divergent

Given a series > o2  a; = a1 + a2 +ag + - -+, let s, denote its nth partial sum s, = >1" ;a; =
ap+az+---+an.

o The series > a,, converges if the sequence of partial sums {s,} is convergent and we have
n o
lim s, = lim Zai = Zai =35
n—oo n—oo
i=1 i=1
the number s is called the sum of the series.

o The series Y a, diverges if the sequence of partial sums {s,} is divergent (i.e. le Sp =
n o0

DNE).
7 —
; |4 \2+ 2y 4+ G4 /e
Example 2: Is the series } 72 (, onvergent or divergent? \_J?
w (na))
T N ki ,
72

L $n :/@M _V\/C_”_*_Q = 4 dVv
y\~—%O‘( nN—A 2

A , ‘
% N (S Jiver g T
Co

How To Shift a Series:

Example 3: Adjust the series

4 3
s of (G Gy

n=4 )

so that the index will now start at n = 1.
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Definition: Geometric series

The geometric series

o n—1
anl ar™ ", a #0,

is convergent if |r| < 1 and its sum is

oo _ a
anlar" - T Ir] <1

if |r| > 1, the geometric series is divergent

Proof : Coﬂ/\&é@/\/ M ?d\/\/]\ a\\ S\/\W\S

gn:ourwma/?g\/ - g/j“/i\
1L ax

e W
A
y ] < |
Z Mw-_ﬁw Sa = V— Y |
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6.28 as a ratio of integers.

G’Z-XA—G'OG'GGGGIZK_}J- o

Example 4: Present the number 6.2828282 - -- =

— &4 -25 + 00028 T 0008

6‘ 224 2¢2¢. - o
= 2% 2% g
— &+ ]@0 18600 fOGGO@(ﬁ/ ]OGOQMGG
« % 'Lg < q
2 . .
=6 o C&)—fr (66)° ('M)
o
g H m
5 (ls) = 6+ Z
- é‘\’ Z (
22 | ] <A
S e T
oz 255 0 V7o wﬁ’ e
S m @QOMY‘\QQQ\AQS i§ (bvaﬂ Zzl
| - §{+ —70
- éJ’ Zg(m(\) e
=6+ }_‘/L/fo
q"\‘ )
2 — S AR
g4 2= T —

oo
Example 5: Is the following series @ convergent or divergent? — €172
19

n=1
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Definition: Telescoping series

A telescoping series is a series where each term b, can be written as

bn = ap — Qp+41 )

for some series b,,.

Notice: To find the sum, we have

@:bl+b2+b3+---+bn:(al_a2)+(a2_a3)+(a3_a4)+---+(an_an+l):al_an-l—l-

Therefore,
Sn = al1 — Qp+1-

Thus, the telescoping series is convergent if a,+; — finite number, and the sum is

5= 05, Sn = 01— Iy Gne
Example 8: Show that the series ﬂ (_)( 1)

oo
Z (n+1)( n—|—2)

n:l

is convergent and find its sum.
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Theorem 1

If the series Y o>, a, converges, then lim a, = 0.
n—oo

Note: The converse is not true ingeneral.

e g GWT .
if lim", we cannnot conclude that E a, is convergent
n—oo

/
Test for Divergence. m D

If lim a, does not exist or if lim a, # 0, then the series >_,> | ay, is divergent.
n—oo n—0o0 ~

Remark:

e The statement follows from the theorem immediately preceding it, since if the series is
not divergent, then it is convergent, and so lgm an =0.
n—oo

e Note that if le an, = 0, the series Y>>, a, may converge or it may diverge.
n—oo

Example 12: Determine whether the series is convergent or divergent. If it is convergent, find

it sum . y
Ipoutt = B el f o
3n— KA Sy Ay bo
= A ﬂ/“ﬁl/;
ﬂ;{m A _’/@A\M n - f)z/;f\/\_,%———j}dm/\— s b;% )
A X N 30 =) N G r\/),n; = @‘Qm =
il 0l
- #& e V\7M
i Minf\ I QN\WQVJ’ ‘b(j
7(/ mﬂi/ifﬁj
b Zmlnsin(i)
A0 i
7
: ‘ SW\KHY\\ 9
I W”(T\ = A v o
(- —0h T>2

/\(\-jjg M —\;/—'— .
U&A /\L\p\&/ e 7\@)—%%16@5@‘“) = CW(O) - /L?O A
i VLSSA@(“) s ReEeT by VD

n =
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Theorem.
If Y02 a, and Y o2, b, are convergent series, then so are the series Y .2, ca, (where c is a

constant), >.o°; (an + by), and > o2 ; (an — by), and
—— —

a. D02 Cap = CY 02 An.

b. 302 (an +bn) = 3001 an + 207 by

c. Yopeg(an —by) =300 an — 207 by

fgq \(‘:)— - J{)<ﬂ—
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